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Section 1

Fluidos Geofisicos
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Large Scale Ocean Equations

The ocean: A slightly compressible fluid endowed with Coriolis and buoyancy forces

Fundamental hypothesis considered (for simplifying physical laws):
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Large Scale Ocean Equations

The ocean: A slightly compressible fluid endowed with Coriolis and buoyancy forces

Fundamental hypothesis considered (for simplifying physical laws):

Boussinesq Hypothesis

Density is a constant p, except in
@ Boussinesq hypothesis —» buoyancy terms.
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Large Scale Ocean Equations

The ocean: A slightly compressible fluid endowed with Coriolis and buoyancy forces

Fundamental hypothesis considered (for simplifying physical laws):

Thin aspect ratio

Anisotropic (flat) domain

is small

10~3%,10~*

@ Boussinesq hypothesis vertical scales
E= """
horizontal scales

@ Thin aspect ratio —

E.g. Mediterranean and North Atlantic: ¢ ~ 10~*

Then the problem is rescaled:

(Anisotropic domain) — Gsotropic domain)
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The adimensional domain

After vertical scaling, we obtain an isotropic domain Q ¢ R3:

Q Is
vertical scales
E = _—
I'l horizontal scales

Cartesian coordinates and rigid lid hypothesis (flat surface).
Also free surface models might be handled by our schemes.

Vertical scaling the domain = Vertical scaling the equations...
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Large-Scale Boussinesq Equations (variable density)

Anisotropic equations

Conservation of momentum and continuity

1
3tu+u-qu+vazu—AVu+; Vi = 75

*

' [62<8tv+u-vxv+vazv—AVv>]+% sz-i—[;—g:O
* *
V-u+d,v=0
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Large-Scale Boussinesq Equations (variable density)

Variable density (coupling temperature and density)
Conservation of momentum and continuity

1
3tu+u-qu+vazu—AVu+; Vi = 75

*

1 Plg
52<8tv+u-va+v82v—A,,v) + = 8zp+
* *

V-u+9d,v=0

=0

Convection-diffusion of temperature and salinity + state equation (density)

8tT+(u-VX)T—F(V-BZ)T—I/TAT: FT
OtS+ (u-Vy)S+(v-0,)S —vsAS = Fs

= (1= B7(T = T2) + Bs(S — 5.))
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Constant Density Case

Constant density hypothesis = we focus on momentum equations:

Quasi-Hydrostatic or Anisotropic Navier-Stokes equations

oru+u-Vyu+vo,u—Ayu+ Vyp =F,
52<8tv—|— u-Vyv+vo,v — Al,v) +9,p=0
V-u+0d,v=0

Hard problem:

Navier-Stokes is one of the millenium problems

Transient nonlinear & mixed system of PDE equations

New difficulties due to
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Steady Linear Case

Anisotropic Stokes equations
—Au+ Vyip =1,

—Av +0zp = g,

Vx-u+9d,v =0.

When ¢ — 0, we only expect
v e HXQ) = {v e L*(Q),0.v e [*(Q)}

What happens when v looses regularity?...
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Not Easy Task!

Classical P, /P; FE, Velocity

P2/P2-P1, eps = 107-2,0
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Not Easy Task!
Classical P, /P; FE, Velocity
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Not Easy Task!
Classical P, /P; FE, Velocity

P2/P2-P1, eps = 107-4,0
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When ¢ — 0, coercivity for v is lost!!
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A Well-Known 1-Dimensional Example

See e.g. [QSS00]

Convection-Diffusion Equation

—eu"(x)+ bu'(x) =

Bilinear form: a(u,v) =€ [ u'v/ + b [, u'v
(coercivity constant vanishes if ¢ — 0)

We compute the FE solution in a partition, {x;}, of Q:
14Pe )’
(i) -1
M
14P
(1iPZ) -1

If Pe := ’;—’; > 1 (i.e. ¢ << b), non-realistic oscillations!

up = Uh(X,') = y i = ]., veey M — ].,
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1o || == Solucién exacta (epsilon=0.03)
#w=—  Sol. aprox, M=10, h=0.100, Pe=3.00
= Sol. aprox, M=40, h=0.025, Pe=0.75
05t
0.0 -
05
0.0 02
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Ideas for Fixing Vertical Velocity Coercivity

Different FE approximations for horizontal and vertical velocity
Stabilize vertical velocity by additional terms

Use Discontinous Galerkin P — P approximations for
Velocity—Pressure!
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Section 2

SIP Discontinous Galerkin
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Model Problem

LetQcRY 9Q=TpUTly

We consider the simple elliptic (coercive) problem:

—Au=f inQ
u=g onodQ

Lax-Milgram = 3! weak solution u € V = H}(Q) s. t:

/VuVuz/fu YueV
Q Q

1
And moreover: ||ully < =||f]|
[0
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Discontinuous FE Spaces

Broken Sobolev space:
H™(Tp) = {u € [3(Q) | u € H™(K), YK € T},
Scalar product and norm:
(u, Vs = 2keg; (U V) ks (k)
lullsy) = (Skes lulidug)

Particular case: broken or discontinuous polynomials
Ve =P7(Th) = {v e L¥Q): v|k € Px(K), YK € Tp}

Discontinuity along the edges of triangles

Then PZ (%) ¢ H*(2)MM! (non conforming approximation)...

..how to introduce Variational formulation?...
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SIP (Symmetric Interior Penalty) Discontinuous Galerkin

Integration by parts in each element ~~

sip,n =) — -
ah (uh, uh) = / thh . thh
Q

- Z / ({{thh} ‘Ne I[Uh]] + |[Uh]] {{Vhﬁh} . ne)

ee%h €

1
Y h/[[u,,]] [G], Vs dp € PY

GE%},
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SIP (Symmetric Interior Penalty) Discontinuous Galerkin

Integration by parts in each element  ~~

sip, — 0\ _
a, n(UhaUh)—/vhUh‘vhUh
Q

eE%h €

[— Z / ({thh}} ‘N [[Uh]] + |[Uh]] {Vhﬂh}} . ne)]

1
+772 he/e[[uh]] I[Uh]], Vuh,ﬂhEPiZ

ec&)

[Consistency + symmetry]
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SIP (Symmetric Interior Penalty) Discontinuous Galerkin

Integration by parts in each element  ~~

Sip,7] — N\ _
ay " (up, Up) = / Vhup - Vit
Q

- Z / ({thh}} - Ne ﬂﬁh]] + |[Uh]] {Vhﬂh} . ne)

66%/1 €
1 _
w12 g [ @) vy, g, e P

eEgh

[Coercivity (for n > 0 big enough)]
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SIP (Symmetric Interior Penalty) Bilinear Form Il
Lemma (Coercivity and Continuity)
Forn > n*, exists C(n) > 0 such that
3" (un up) = C(n)lunll3ps ¥ un € P
Exists Cyng > 0 such that
" (up, Tn) < Condl|unllsip|[Thllsips ¥ un, Th € PE

1/2
lullsip = (I Vaull® +ult )",

o= (3 4 1)

ec&,

Proof: see e.g.[?]
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Anisotropic SIP Bilinear Form

az,nls Whywh Z aSIPW U,, + {53 (Vh Vh) + (1 - 5)Sf‘1/(vh7vh)

where

b (Vhs Vi) Z / [vin:] [[Vh”Z]])

E‘G%h

SIP DG approximation for horizontal components of velocity

€ — 0: vanishing SIP DG for vertical velocity
+ increasing vertical coercivity
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Well-Posedness of SIP-DG Anisotropic Stokes

Using previous aams(wh, wj,) we can define an adequate
velocity/pressure mixed bilinear form ¢is(., -) verifying:

Theorem (Generalized coercivity)
Assume that that n > n,. Then, there exists v > 0 independent of h such
that, for all (wp, py) € Xp = Wy, X Pp o, one has

anls w w ,—
Y [[(Wh, pa)llex, < sup ((wh, pn), (W ph)). (1)
(Wh,pr)EX,\{0} “(Whv Ph)Hs,Xh

According to Banach-Necas-Babuska Theorem we have:

Corollary
Well-Posedness of SIP-DG-Stokes
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Section 3

Numerical Tests
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Cavity tests for Anisotropic Equations

Aim: test qualitative behavior of DG solution when ¢ — 0

FreeFem++
Q = (0,1) mesh: h~1/30
Dirichlet boundary conditions:
Surface boundary: I's: up = x(1 — x)and v, =0
Bottom: (Mp): up =0and v, =0
Lateral walls: (I')): up =0
Neumann boundary conditions on lateral walls I';: eVvy, -n =10
SIP DG, P¢, interior penalty: 7 = 5.
As usual in DG methods, Dirichlet boundary conditions are
imposed weakly

Specifically, for each jump and mean boundary term appearing in
DG bilinear forms, we add a corresponding term to the RHS
containing the boundary value
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Test 1. Anisotropic equations, ¢ = 1 (Stokes case)

Vaios
8319004 0059 01z ols 232001
AN

T "
Figure 1. Cavity test, e = 1.
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Uuiivauc — vV
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(Hydrostatic case)
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N

Figure 2. Cavity test,e =108 and ¢ = 0.
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Test 3. Necessity of Anisotropic Term

Figure 3. Anisotropic DG scheme, without the term (1 — ¢)s/(vp, vp)
fore =1, =102 and ¢ = 1074, respectively.
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Section 4

Living Cell Equations
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Chemotaxis

Movement of biological cells in response to chemical signals
— Video: neutrophile chemotaxis
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https://youtu.be/ZUUfdP87Ssg?t=37

Chemotaxis

Movement of biological cells in response to chemical signals
— Video: neutrophile chemotaxis

General formulation (Keller-Segel 1970’) [BBTW15]

Find u, v (density of cells and chemical-signal) such that:

{ up=V- (Du(u, v)Vu — x(u, v)qu) + H(u,v),
ve = Dy(u,v)Av + K(u, v)

Many variants® depending on (likely nonlinear) terms...
Source terms: H(u, v), K(u, v)

Diffusion of cells and chemoattractant: D,(u, v), D,(u, v)

1See e.g. [Ho03] for a review
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https://youtu.be/ZUUfdP87Ssg?t=37

The Classical Keller-Segel System
We focus on the classical system in Q x (0, T) ¢ R+

up = aAu— a1 V- (uVv), xeQ t>0,
Ve = apAv — azv + agu, xeQ, t>0.

Parameters «; > 0. In particular o1 > 0 = chemoattractant model
Nolinear chemotaxis term! Hyperbolic effects expected if o1 >

Boundary conditions

ou  Ov ,
— =—= 0Q, t > 0.
%~ oy 0, xe¢ >
Initial conditions (important rule in long-time behaviour):
u(x,0) = uo(x), v(x.0) = w(x),  xc .
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Local Existence, Positivity and Blow-up

A general result?:

If up € C°(Q), vo € WH9(Q) non-negative (g = n — space dim.)

3T, € (0, +o0] and
Then { max € ( ] such that®

E!U, vV e Co(ﬁ X (07 Tma)())
(u, v) solves classical Keller-Segel equations in Q x (0, Tmax)
u, v > 0 (positivity of solution)

If Tmax < +o00 = HUHLoo(Q) + HVHWLq(Q) —o0ast " Tmax

We say that u blows up in Tmax if || ul[,~ () — ccas t  Tmax.

2This result is also valid for more general Keller-Segel equations see
e.g. [BBTW15], Lemma 3.1
%In fact, also u, v € C**(Q x [0, Tmax)) v € Lj5 ([0, Tmax); W"9(R))
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Other Properties
Mass conservation: If v is a regular enough solution in Q x (0, T),
/ u(-,t) :/ up Vte(0,T).
Q Q
Energy dissipation:

%%(u(-, t),v(-,t) = =D (u(-, t),v(-, t)) Vte(0,T),

1
:f/|Vv|2+/v27/uv+/ulnu,
Q
(u,) /vt /

7 Crucial role in theoretical results (global existence, blow-up...)

with
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Theorem (Global Existence and Boundedness)

Assume ug € C°(Q), vo € U,s, WHI(Q),

Let (u, v) maximal solution of classical K-S.

Then
If n=1o0rn=2(with [, ug < 4 for n = 2)*

= (u, v) exists globally in time and is bounded, i.e.
u(-, )l o) + V(e t)lle@) < € VE>0.

If n > 3: Je, A > 0 such that

if ||U0HL"/2(Q) <e, |luollwing) <e,
= (u, v) exists globally in time and satisfies

lu(-, ) = ol = () + V(- 1) = Wollie(n) < Ce™* VE> 0.

4
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Section 5

Time Schemes
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Time Discretization

Let
O=th<ty <---<ty=T

k=tmi1—tm u"=u(ty), Ym=0,.,N

(1/k)u™t — Au™ £ V- (u" VYR = (1/k)u™
(1/k)v™t — Ay™tE pymts gt — (1 /k)v™
where S = (s1, 5, s3,54) € {0, 1}%.

All of them are implicit; the scheme S = (1,1, 1, 1) is fully implicit

We are interested discrete energy laws for linear and uncoupled
schemes
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Proposition (Discrete Energy Laws)

If {(um, v’”)},’:::0 sufficiently regular solution of scheme S = (s1, 52, 53, 5):

m+1 m+1 m+1 m+1
68T < DI — NI+ M ,

where
ErHl = E(um vy,
D7 = /Q (devmr1)? +/Q 35:7:1 — Vurtiyymit 2,
NI = g/ﬂ (8tvv"7+1)2 + Nis+ Nos+ N3s+ Nys,
MIT =M s+ Mos+ My s+ Mys.
Here:

e(w™) = (W™t —w™m)/k,
N; s, M; s > 0 (numerical dissipation and sources), N; s, M; s — 0 as
k — 0.
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Proof

Similar to continuous Energy Law, using following properties:

k

1
Se(wm™)wm™ = 25, (w™)? 4 5(6twm+1)2 Vm > 0,

2

(5t(um+1 . vm+1) = um v vTTIg ™ im0,

b(loga—logh) <a—b Va b0,

/ 8;u™ =0 Vm > 0 (discrete conservation of mass).
Q
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Optimal (?) Time Scheme: S = (1,1,1,0)

(1/K)u™ — Au™ V- (0T = (LK),
(1/k)v™L — Ay™HL 4yt g™ — (1 k)™,

Uncoupled (first compute v™*1, then u™*1)

Nis=0i=1 .. 4=N"t=Kk[ (6th"’+1)2 minimizes dissipation
Mis=0,i=1, .. 4= M2 = 0minimizes numerical sources.
Energy law:

5 &I < -Gt — HIHL <0 = EITEN 0.
Conjectures:

6t%§"+1 = min
57€{0,1}4

[ug|i=() < U lli=(@) VS € {0,1}* 777

5&ITL 77 &I = min &I 77
5'e{0,1}
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Please, Some Simulations!

le3

I I T
A=A Max(u) 1110 scheme f‘
@=® Max(u) 1010 scheme
1.2 H B-l Max(u) 0000 scheme

1.0
0.8

0.6 g & O d i
0.4

1.6
1.4 H

0os 50 100 150 200 250 300
0.5 £ : ‘ ‘ ‘ ‘

0.0
-0.5

—1.0 V=¥ Energy 1110 scheme
—1.5 |{@=@ Energy 1010 scheme
=l Energy 0000 scheme

_2.0 T T L
Time iterations
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Section 6

Space Discretization
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FEM Space Discretization

For any Euler scheme S € {0,1}4,
we approximate (u™, v™) at each time t,, by means of FEM

All right (apparently)...
e.g. let us reproduce the following numerical test [FMV15]:

Q =[-2,2]? C R? (ap, a1, a, a3, as) = (1,0.2,1,0.1,1)

up = 1.15e~ ) (4 — x2)2(4 — y2)2 ([, ug > /4, blow-up!)

Vo = 0.55e~ () (4 — x2)2(4 — y2)2

Time discretization: Euler scheme S = (0,0, 0,0)

Discretization: P1-Lagrange 200 x 200 mesh (h ~ 1072), k = 10~*
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Blow-up Test (plotting u)

Time: 0.000100
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Blow-up Test (plotting u)
Time: 0.001000

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells] [43/115]——




Blow-up Test (plotting u)
Time: 0.002000
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Blow-up Test (plotting u)
Time: 0.003000
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Blow-up Test (plotting u)
Time: 0.004000
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Blow-up Test (plotting u)
Time: 0.005000
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Blow-up Test (plotting u)
Time: 0.006000
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Blow-up Test (plotting u)
Time: 0.007000
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Blow-up Test (plotting u)
Time: 0.008000
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Blow-up Test (plotting u)
Time: 0.009000
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Blow-up Test (plotting u)
Time: 0.010000

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells] [52/115]——




Blow-up Test (plotting u)
Time: 0.011000
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Blow-up Test (plotting u)
Time: 0.012000
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Blow-up Test (plotting u)
Time: 0.013000
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Blow-up Test (plotting u)
Time: 0.014100
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Blow-up Test (plotting u)
Time: 0.015100
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Blow-up Test (plotting u)
Time: 0.026000

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells] [58/115]——




But it’s not all so nice...

Time: 0.026

— 1.6e+05

100000

1110 scheme: u

50000

Spurious Oscillations Near Blow-up Time!
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Maximum Density of Cells Over Time

Test id: ksO0000_L1 nx200_T0.026_dt0.0001_COul.15C0v0.55
led

m—— max(u)

T T T T T T
0.000 0.005 0.010 0.015 0.020 0.025
Time
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Maximum Chemical Agent Over Time

le2
187 s max(v)
1.7 1
1.6 1
1.5
1.4
T T T T T T
0.000 0.005 0.010 0.015 0.020 0.025
Time

Positivity of u is broken due to FE approximation!
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Minimum Cells Over Time

Test id: ks0000_L1_nx200_T0.026_dt0.0001_COul.15C0v0.55

le—-3
min(u)
2.5
2.0 A
min: -1.20e-09 (iter 0)
1.5
1.0 A
0.5 A
0.0
O.OIOO 0.605 O.OIIO O.OI]_S O.dZO 0.0|25
Time

Positivity of u is broken due to FE approximation!
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Minimum Cells in a Coarser Grid (nx=30)

Test id: ks0000_L1_nx30_T0.026_dt0.0001_COu1.15C0v0.55

led
2.5 7 m—— max(u)
2.0
1.5 A
1.0 1
0.5 4
0.0 -
T T T T T T
0.000 0.005 0.010 0.015 0.020 0.025

Time
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Minimum Cells in a Coarser Grid (nx=30)

Test id: ks0000_L1_nx30_T0.026_dt0.0001_COul.15C0v0.55
le3

0.0
—0.5 1
=1.0 A
—1.5 A
min: -3.21e+03 (iter 259)

—2.01

—2.5

—3.01 min(u)

T T T T T T
0.000 0.005 0.010 0.015 0.020 0.025
Time

Positivity of u is broken near blow-up time
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... also positivity lost at initial time!

Test id: ks0000_L1_nx30_T0.026_dt0.0001_COu1.15C0v0.55

le3
0.0 A
—0.5 A
Test id: ks0000_L1_nx30_T0.026_dr0.0001_COul.15C0v0.55
—1.0 1 ) ’ minfu}
:
os min: -1.23e-04 (iter 149)
fer 259)
—2.0 1 075
—3.01 min(u)
T T T T T T
0.000 0.005 0.010 0.015 0.020 0.025
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Other Euler Schemes do Not Improve Positivity

E.g. similar (slightly better) results are obtained for S = (1,1,1,0)

Test id: ks0000_L1_nx30_T0.026_dt0.0001_COu1.15C0v0.55

0.0 +
o051
10
15
20
251

—3.04

le3

min: -1.23e-04 (iter 146)

fer 259)

min(u)

T
0.000

T
0.005

T
0.010

T
0.015

Time

T T
0.020 0.025

Let us check other FE space approximations...
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FreeFem++ and LibMesh

We used the excellent well-known FreeFem++ suite for P; or P»
rapid & efficient software development!

And also the C++ FE library “LibMesh”
Open source, built over other high-quality libraries

Parallel, using PETSc or Trilinos as linear algebra bakends
1D, 2D, 3D generic programming

Variety of Finite Element polynomial families:

Classical Px-Lagrange

m Hierarchical high-order Lobatto (order greater than 20)
B Bernstein positive polynomials
[ |
[ |

Discontinuous Py

Element geometries: triangles, squares, tetrahedrons
Other possibilities: DEAL.ii, DUNE, MFEM, FEMPAR (S. Badia et al)...

Cons and pros: When is the price of high performance worth?
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P,-Bernstein & Lagrange Polynomials

P

Bernstein Polynomials

P>

Te:

stid: ks1010_B2_nx20_T0.026_dt0.001_COu1.15C0v0.55
le-3

20 x 20

05

0.0

min(u)

min: +8.12e-06 (iter 0)

0.000 0.005 0.010 0.015 0.020 0.025
Time

im

Test id: ks1010_B2_nx10_T0.026_dt0.001_COu1.15C0v0.55

0.2

0.0

10 x 10

-1.0
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175
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min(u)

ming -9.46e-03 (iter 1)

Time.

Lagrange Polynomials
Test id: ks1010_L2_nx20_T0.026_dt0.001_COu1.15COv0.55
le—-3
min(u)
min: +8.57e-06 (iter 0)
0.000 0.005 0.010 0.015 0.020 0.025
Time

Test id: ks1010_L2_nx10_T0.026_dt0.001_COul.15C0v0.55

-2

-6

le-3

min(u)

min: -6.40e-03 (iter 1)

0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175
Time
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Hierarchical (Lobatto) Order 8 2D FE Test

We run the following test (using LibMesh in valle.uca.es):
Time scheme: S = (1,0, 1,0), Tmax = 0.026, kK = 0.001
Space scheme: Lobatto order 8 polynomial in mesh 30 x 30

CPU time for 1, 2, 4,..., 32 processors (7m50s...0m48s):

32

Parallel processors
=
IS @ o

N

=

300 400 500 600 700
Performance (seconds)
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Results (of Former Test) Are Correct

Test id: ks1010_H8_nx30_T0.026_dt0.001_COu1.15C0v0.55

Test id: ks1010_H8_nx30_T0.026_dt0.001_COu1.15C0v0.55

led le—-3

14 == max(u) 3.0 min(u)

124 254

1.0 . .
204 min: +1.85e-06 (iter 0)

0.8
151

0.6 1
1.0

0.4
0.5 4

0.2 4

0.0 1 T T T T T T 007 T T T T T T

0.000 0.005 0.010 0.015 0.020 0.025 0.000 0.005 0.010 0.015 0.020 0.025
Time Time
le2 le—3
—max(Vv) = min(v) /

1.60 o 1.50 1 ,
1.25 4

1.55 4 ) ) /
100 min: +8.84e-07 (iter 0) Y4

1.50 1 0.75 1 /

1.45 0507 P
0.25 - s

1.40 - -
0.00 {— -

0.000 0.005 0,010 0.015 0.020 0.025 0.000 0.005 0010 0015 0.020 0.025
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Section 7

3D Numerical Tests
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Classical Keller-Segel 3D Numerical Tests

Now we introduce 3D FE space discretization
LibMesh makes straightforward the jump “2D — 3D”

Computing requirements are much bigger in the 3D case

= need of parallel computing!

Playing with initial data, 3D blow up can easily be obtained...
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3D Blow-up in a Sphere

Time: 0.001000

I 79e+01

— 60
— 40 >

— 20

l 8.6e-02
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3D Blow-up in a Sphere
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3D Blow-up in a Sphere
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3D Blow-up in a Sphere
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3D Blow-up in a Sphere
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3D Blow-up in a Sphere
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3D Blow-up in a Sphere
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3D Blow-up in a Sphere

&
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3D Blow-up in a Sphere

&
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3D Blow-up in a Sphere

&
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3D Blow-up in a Sphere

&
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3D Blow-up in a Sphere

Time: 0.083000
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3D Blow-up in a Sphere
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Let us study cases where

blow-up can be avoided for “small initial data”
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Set of Tests

Q={(x,y,2) €ER3: x> +y?2 + 2% < 4}
(o, 1, 0, 3, 4) = (1,0.2,1,0.1, 1) (same parameters than 2D)

uo = Cy(1 + tanh (my(1 — x* — y? — z?))), (~ 0 outside unit sphere)
vo = G, (1 +tanh (my(1 — x*> — y? — 2%))) (my, m,: initial slope)

C,=C, =kmwithkeN

Time discretization: Euler scheme S = (1,1,1,0), Tmax = 0.3,
k =0.05

Space discretization: P2-Lagrange, n, = 4 refinements from
original LibMesh sphere mesh
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3DTest1: C,= C, = 6m: BlowUp

Test id: ks1110_L2 nrd_T0.19_dt0.005_COu18.85COV18.85 Testid: ks1110_L2 nr4_T0.19_df0.005_COu18.85C0v18.85

le3 6 71e72
m max(u) min(u)
2.0 5
41 . .
151 min: +1.28e-06 (iter 0)
3]
1.04
5]
0.5 14
0.0 T T T T T T T T °1 T T T T T T T T
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.000 0025 0.050 0.075 0100 0.125 0.150 0.175
Time Time
lel
1754
464 === max(v) =1 min(v) ,‘
1.50 4 /
4.4+ 1.25 4 /
oo | min: +1.65€-05 (iter 0) /
4.2 4
0.75 1
20 0.50 4
0.25 4
3.84 0.00
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3D Test2: C,= C, =5m: No Blow Up?

Test id: ks1110_L2_nr4_T0.19_dt0.005_COul5.71COv15.71

Testid: ks1110_L2_nr4_T0.19_dt0.005_COu15.71COv15.71

le2 le—1
1.0 .
354 === max(u) min(u)
3.0 08
251 06| min: +1.56e-06 (iter 0)
2.0
0.4
15
1.0 024
05 00 |
0000 0025 0050 0.075 0100 0125 0150 0175 0.000 0025 0050 0075 0100 0125 0150 0175
Time Time
lel
. *
— max (V) 141 == min(v) Z
3.20 4 12 /7
1.0 - - 4
1 min: +1.37e-05 (iter 0) /7
) 0.8 Ve
0.6 ’
3.10 V4
0.4 7
v 4
3.05 4 0.2 7
-
0.0 {—m=== -
odno 0. d?ﬁ 00‘50 00‘75 0. 1‘00 0. 1‘75 0. 1“30 0. 1‘75 O.dOO O.dZS 0.0‘50 0.0‘75 0.1‘00 O.£25 0.£SO 0.1‘75
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3D Test 3: C, = C, = 47m: NO Blow Up!

Test id: ks1110_L2_nr4_T0.19_dt0.005_COul2.57COv12.57

Testid: ks1110_L2_nr4_T0.19_dt0.005_COul2.57COv12.57

le2 le—1
164 )
= max(u) min(u)
124 144
124
104 . .
101 min: +1.89e-06 (iter 0)
0.8 0.8
0.6 4
0.6 1
0.4 4
0.4 0.2
0.0 1
0000 0025 0050 0.075 0100 0125 0150 0175 0.000 0025 0050 0075 0100 0125 0150 0175
Time Time
26 lel
- 1.2 - *
— max(v) - mm( ) /
254 1.09 Ve
0.8 4 - - 4
221 min: +1.10e-05 (iter 0) /7
0.6 4 //
2.3
0.4 /
224 0.2 4 7
- <
0.0 |
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Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02
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Recent 2D with ideas from 3D initial conditions!
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Recent 2D with ideas from 3D initial conditions!
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Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[98/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[99/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[100/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[101/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[102/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[103/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[104/115]——



Recent 2D with ideas from 3D initial conditions!

Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[105/115]——



Recent 2D with ideas from 3D initial conditions!
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Time:

0.0e+00
-0.005

-0.01

Result

-0.015

-2.1e-02

—[J.R. Rodriguez Galvdn. Numerical Models of Geophysical Fluids and Living Cells]-

[111/115]——



Conclussions

We got fun in fluid dynamics and classical Keller-Segel numerical
simulations

Very interesting problems, in the parabolic/hyperbolic edge!

In future, lessons from fluids could be applied to Keller-Segel:
Try DG and techniques from the hyperbolic world

Numerical approximation of blow-up
Positivity

Other variants of Keller-Segel, coupling with fluids...
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iMuchas gracias!
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Numeric Dissipation and Source Terms

(ia a) Ni.,oz Fi,a
ymt1 2
(1.0 0 g/n Kvum:l )+(vaﬂ)z+2(5f(”m+l)v"m+rz)2w
(1,1) 0 0
(2,0) 0 %/Q R%Wm“)i(um+,1vvm+1)2+2(5t(va+1))ﬂ
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(3,0) 0 gA(5t(vm+1))2
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